In arXiv:1502.06589 it has been introduced an algorithm extending the Van-Brunt and Visser result, leading to new closed forms of the Baker-Campbell-Hausdorff formula. In particular, there are closed forms even when the commutator [X, Y ] also contains elements of the algebra different from X and Y . In arXiv:1503.08198 it has been shown that there are 13 types of such commutator algebras. We show, by providing the explicit solutions, that these include the semisimple complex Lie algebras. In particular, if X, Y and Z are three generators of the Cartan-Weyl basis, we find, for a wide class of cases, W , linear combination of X, Y and Z, such that e X e Y e Z = e W It turns out that the relevant commutator algebras are type 1c-i, type 4 and type 5.
Introduction
In [1] it has been introduced a simple algorithm leading, for a wide class of cases, to closed forms of the Baker-Campbell-Hausdorff (BCH) formula. In [2] it has been shown that there are 13 types of commutator algebras admitting such simplified versions of the BCH formula. The main points of the algorithm are the following. First, following the VanBrunt and Visser remarkable result, consider two elements, X and Y , of an associative algebra, with commutator [X, Y ] = uX + vY + cI , (1.1) with u, v and c, being c-numbers and I a central element. Van-Brunt and Visser proved that [3] (see also [3] ) e X e Y = e X+Y +f (u,v) 
where f (u, v) is the symmetric function
.
Next, consider the decomposition [1] e X e Y e Z = e X e αY e βY e Z , ( with
with α solution of the equation Eq.(1.13) is equivalent to the following linear system for e, m, n and p
(1.15) Such a system has thirteen different solutions, reported in the table, depending on the values and algebraic relations of c, d, u, v, w and z. Note that the case cw = dv = 0 corresponds to five different conditions (see [2] ).
The thirteen cases of the Jacobi Identity
Consider the symbol [2] case Jacobi constraints parameters of [X, Z] unf ixed D The first slot specifies under which conditions the linear system (1.15) is solved. This classifies the types of commutator algebras. The constraints are the ones on the commutator parameters that follow by the Jacobi Identity. The third slot reports which ones, between the parameters m, n, p and e in [X, Z], remains unfixed. D is the number of the commutator parameters unfixed by the Jacobi Identity. In this paper we explicitly show that the above algorithm leads to closed forms for the BCH formula in the case of semisimple complex Lie algebras. In particular, according to the above classification the commutator algebras, we will see that, in several cases, the commutator algebras associated to the BCH problem for semisimple complex Lie algebras corresponds to the type 1c-i, type 4 and type 5. This implies that if X, Y and Z are three generators of the Cartan-Weyl basis, then, for a wide class of cases, W , defined by
is explicitly expressed as a linear combination of X, Y and Z.
Before discussing the case of arbitrary semisimple complex Lie algebras, we consider the BCH problem for sl 3 (C).
2 Closed BCH formulas for sl 3 (C)
Consider the commutators for sl 3 (C) (see, for example, [5] )
with the remaining commutators vanishing
In the following we will consider the BCH problem of finding the closed form of W in
with X and Z all the possible generators of sl 3 (C). Let us start with E 1 + , E 2 + , and
we have
All these are of the same kind, so that we consider only j = k = 1. By (1.2)
Let us now consider the nontrivial cases
We focus on (2.10) with k = 1, the case k = 2 is equivalent. This is a particular case of the type 4 commutator algebras [2] , and has been worked out, as an example, in [1] for 
where λ −1 , λ 0 , λ 1 ∈ C, λ − + λ + = λ 0 , and
Let us explicitly write down the case of exp(E we see that the relevant algebra to treat exp(E
is again given by (2.16) by obvious substitutions.
Closed BCH formulas for semisimple complex Lie algebras
For any semisimple complex Lie algebra g, consider its Cartan-Weyl basis
where Φ(g) is the root system of g, (α, β) is the standard non-degenerate inner product on the dual of the Cartan subalgebra g * 0 , and
In the following, for any X, Y and Z, identified with any triple of the Cartan-Weyl generators H α and E β , we consider the problem of finding the closed form for W , finite linear combination of the Cartan-Weyl generators, such that
We will explicitly show that, for a wide class of cases, such closed forms are the ones classified in [2] . In particular, the relevant commutator algebras correspond to the type 1c-i, type 4 and type 5 commutator algebras, leading to the closed forms of the BCH formula introduced in [1] . For any a ∈ C, set
The type 1c-i commutator algebras corresponds to the case [2] by (v, w). It turns out that Type 1c-i.
The type 4 corresponds to the case u = z = 0, namely Type 4.
, where x := e α , satisfies the equation
where
Let us first consider the case exp(λ α H α ) exp(µ β E β ). This corresponds to (1.2), so that
This corresponds to the type 1c-i commutator algebras, where the only non-vanishing commutator parameters are
This leads to
Let us now consider the BCH problem exp(X) exp(Y ) = exp(W ), with
In this case it is convenient to use the expansion
would be proportional to E 2(α+β) . On the other hand, since α + β is a root, it follows that 2(α + β) / ∈ Φ(g). So that (3.12) vanishes. In order to consider the higher order terms in (3.11), we first recall that the length of root strings is at most four. Denote by n X (n Y ) the number of X (Y ) appearing in each term of the expansion (3.11). Then observe that all the terms in the dots of (3.11) correspond to either n X ≥ 4 and n Y ≥ 1, or n Y ≥ 4 and n X ≥ 1, or n X ≥ 2 and n Y ≥ 2. Therefore the terms in (3.11) which are next to (3.12) are proportional to either E 4α+nβ , n ≥ 1, or E nα+4β , n ≥ 1, or E mα+nβ , m, n ≥ 2. On the other hand, as explained above, if α + β ∈ Φ(g), then 4α + nβ, nα + 4β, n ≥ 1, and mα + nβ, m, n ≥ 2, cannot be roots, and the corresponding commutators vanish. Summarizing, in the case α + β ∈ Φ(g), there are three possibilities. If neither 2α + β nor α + 2β belong to Φ(g), then
If α + 2β ∈ Φ(g), then
The above results can be used as building blocks to solve more elaborated cases, such as
Again, this is a particular case of the type 4 commutator algebras [2] , worked out in [1] . We have
where µ −α , λ α , µ α ∈ C, λ − + λ + = λ α , and
Note that λ α = 0 reproduces the closed form for exp(
, with γ = −α, and α + γ / ∈ Φ(g), so that [E α , E γ ] = 0 . As we will discuss later, this corresponds to the type 5 commutator algebras. However, it is instructive to derive directly the solution. Consider the identity 
